Abstract. Previously, we constructed an infinite family of knotted symplectic tori representing a fixed homology class in the symplectic four-manifold E(n) K , which is obtained by Fintushel-Stern knot surgery using a nontrivial fibred knot K in S 3 , and distinguished the (smooth) isotopy classes of these tori by indirectly computing the Seiberg-Witten invariants of their complements. In this note, we compute the fundamental groups of the complements of these knotted tori and show that for each nontrivial fibred knot K these groups constitute an infinite collection of nonisomorphic groups. We also review some other constructions of symplectic tori in 4-manifolds and show that the fundamental groups of the complements do not distinguish homologous tori in those cases.
Introduction
In [5] -[8], we constructed infinite families of homologous symplectic tori in many symplectic 4-manifolds, in particular, in simply-connected elliptic surfaces and homotopy elliptic surfaces, and distinguished the smooth isotopy classes of these tori by using Seiberg-Witten invariants. In this note, we compute the fundamental groups of the complements of these knotted symplectic tori. After we announced our results in [5] - [8] , many colleagues have asked us whether the isotopy classes of our tori can be distinguished by these fundamental groups alone, without resorting to the Seiberg-Witten invariants. It turns out that these groups are not sufficient to distinguish the knotted tori that represent the same homology class in E(n), the simply-connected complex elliptic surface with Euler characteristic 12n (n ≥ 1) and without any multiple fiber, or E(n) p , the result of a logarithmic transformation of multiplicity p on E(n). On the other hand, we have the following theorem regarding the knotted symplectic tori in the homotopy elliptic surface E(n) K , i.e. the symplectic four-manifold which is the result of Fintushel-Stern knot surgery on E(n) using a fibred knot K ⊂ S 3 .
Theorem 1. If K is a nontrivial fibred knot in S 3 , then there exist infinitely many homologous symplectic tori in E(n) K whose complements have mutually nonisomorphic fundamental groups.
In [9] , infinitely many nullhomologous Lagrangian tori are distinguished by the fundamental groups of their complements in E(n) K when the Alexander polynomial ∆ K (t) of the fibred knot K has a root which is not a root of unity. For example, many hyperbolic knots satisfy this condition on ∆ K (t), but no torus knot satisfies it. The techniques used to distinguish the fundamental groups in [9] are quite different from the ones we use here. On the other hand, using and extending the techniques and certain results in this note, infinitely many homologous non-isotopic symplectic surfaces of higher genera are obtained in [18] .
In the next section, we review the relevant constructions, and in the last section we compute the fundamental groups of the complements of the symplectic tori and prove Theorem 1 (see Proposition 10 and Lemma 12).
Constructions of symplectic tori in 4-manifolds
In this section, we first review the generalization of the link surgery construction of Fintushel and Stern [10] by Vidussi [22] , and then review the constructions of symplectic tori in elliptic surfaces E(n), E(n) p and symplectic 4-manifolds E(n) K which are homotopy equivalent (hence homeomorphic) to E(n) as given in [5] 
for the boundary of the tubular neighborhood of L such that the pair (α i , β i ) lie in the i-th boundary component and the intersection number of α i and β i is 1. Let X i (i = 1, . . . , n) be a 4-manifold containing a 2-dimensional torus submanifold F i of self-intersection 0. Choose a cartesian product decomposition
is an embedded circle in X i .
Definition 2. The ordered collection
is called a link surgery gluing data for an n-component link L. We define the link surgery manifold corresponding to D to be the closed 4-manifold
where ν denotes the tubular neighborhoods. Here, the gluing diffeomorphisms between the boundary 3-tori identify the torus
2 of X i with S 1 × α i factor-wise, and act as the complex conjugation on the last S 1 factors, ∂D 2 and β i .
Remark. Strictly speaking, the diffeomorphism type of the link surgery manifold L(D) may possibly depend on the chosen trivialization of νF i ∼ = F i × D 2 (the framing of F i ). However, we will suppress this dependence in our notation. It is well known (see e.g. [11] ) that the diffeomorphism type of L(D) is independent of the framing of
Notation. For a knot K ⊂ S 3 , µ(K) and λ(K) denote the meridian and the longitude, respectively, in the complement S 3 \ νK. For an embedding ι of a closed, connected, oriented surface Σ in a manifold X, [Σ] denotes the image of the fundamental class of Σ under the homomorphism
F denotes a regular fiber of the elliptic fibration of E(n). From now on, we shall always work with a fixed cartesian product decomposition F = C 1 × C 2 in all link surgery gluing data containing the pair (E(n), F ). Let R denote either one of the rim tori of Figure 1 .
since A is the unknot. Now consider the closed braidβ p,q as a knot inside the solid torus
Proposition 3. (See [5]). The torus T p,q is a symplectic submanifold of E(n) and represents the homology class q[F ].
2.3. Construction 2. We review two closely related constructions in [6] which give an infinite family of symplectic tori
Let L ⊂ S 3 be the Hopf link in Figure 2 . For the link surgery gluing data
Let β = β p,q be the family of q-strand braids given by Figure 1 . A generic member of this family is shown in Figure 3 There is a symplectic form ω on
is symplectic with respect to ω. In fact, we could switch the roles of A and B (see Figure 4 and compare it with Figure 3 ) and obtain another torus which is also symplectic (with respect to a different symplectic form) in E(n). , and there is a symplectic form on E(n) with respect to which this torus is symplectic.
Construction 3.
We review the construction in [8] which gives an infinite family of symplectic tori {T m } m≥1 in E(n) p representing the homology class of the multiple fiber [F p ] for each n ≥ 1, p ≥ 2; in particular an infinite family of symplectic tori in E(1) ∼ = E(1) p representing [F ] .
As in previous constructions, we fix a cartesian product decomposition of a regular torus fiber F = C 1 × C 2 in the elliptic surface E(n). Let L ⊂ S 3 be the Hopf link in Figure 2 . For the link surgery gluing data 
, then E(n) p is a symplectic 4-manifold and E(1) p is diffeomorphic to E(1). The diffeomorphism type of the logarithmic transform E(n) p does not depend on the choice of the gluing map ϕ. The homology class
[F p ] ∈ H 2 (E(n) p ; Z) is primitive. Let T m be the torus S 1 × C ⊂ [S 1 × (S 3 \ νL)] ⊂ E(n) p ,T m ] = [F p ] in H 2 (E(n) p ; Z).
Construction 4.
We review the construction in [7] which gives an infinite family of symplectic tori {T p,q } q≥1 with [T p,q ] = p [F ] in E(n) K for any fibred knot K and any pair of integers n, p ≥ 1.
Let K be a tame knot in S 3 , and let M K denote the 3-manifold that is the result of the 0-surgery on K. Choose a meridian circle
3 be the Hopf link in Figure 2 as before. For the link surgery gluing data
This notation is consistent with that of Fintushel and Stern in [10] as there is a diffeomorphism between our L(D 4 ) and their fiber sum
... Figure 6 for the special case when p = 1. If K is a fibred knot, then T p,q is a symplectic submanifold of E(n) K , and we have
crossings crossings
q 2 crossings x x x x 1 2 1 q y y y y 1 1 2 q 1, q Figure 6. 3-component link A ∪ B ∪ C 1,q in S 3 Proposition 6. (See [7]). If K ⊂ S 3 is a fibred knot, then E(n) K is a symplectic 4-manifold. The homology class [F ] = [T µ ] ∈ H 2 (E(n) K ; Z) is primitive. Let T p,q be the torus S 1 × C p,q ⊂ [S 1 × (S 3 \ νL)] ⊂ E(n) K , where the closed curve C p,q ⊂ (S 3 \ νL) is the (p, q)-cable of B, representing λ(B) p µ(B) q in π 1 (∂(νB)). See[T p,q ] = p[F ] in H 2 (E(n) K ; Z).
Fundamental groups of torus complements
In this section, we determine the fundamental groups of the complements of the symplectic tori constructed in the previous section. It turns out that these groups do not distinguish homologous tori we get in E(n) or E(n) p . On the other hand, the fundamental groups can be used to show that Construction 4 gives infinitely many homologous non-isotopic tori in E(n) K , when K is a nontrivial fibred knot.
In the fundamental group computations that follow, we repeatedly use the wellknown fact that the complement of a regular fiber in the elliptic surface E(n) is simply-connected (see [11] ). The main tools are Van Kampen's Theorem and the Wirtinger presentation of knot and link complements in S 3 .
Proposition 7. Let T p,q be a symplectic torus with
for all integers n, p ≥ 1 and q ≥ 2.
Proof. Using Van Kampen's Theorem, we compute that
Here, the second to last line is obtained using the Wirtinger presentation with generators given in Figure 1 . Note that x p+1 = y 1 and y p = x 1 when we close up the braid, and the generators around the upper strands are all the same because of the relations obtained from the crossings between those strands. Also note that x 1 y q−1 1 = 1 implies that x 1 and y 1 commute.
Proposition 8. Let T p,q,m be a symplectic torus with
If g is the greatest common divisor of m and q, then
for all integers m, p ≥ 1 and n, q ≥ 2.
Proof. We will do the computation only for the first type of tori and the symmetry will give the same result for the second type of tori.
λ(B) .
Recall that the braid β is exactly the same as β p,q in Figure 1 . So we can use the same Wirtinger presentation as we did in the proof of Proposition 7. Hence
Proposition 9. Let T m be a symplectic torus with
, and the second one is
where x i and y i are the generators of the Wirtinger presentation as given in Figure 5 . Hence we have
Here, a and b denote the generators of π 1 (T 2 × D 2 ).
Proposition 10. For any fibred knot K and any triple of integers
where λ and µ represent a longitude and a meridian of K in the knot complement, respectively, and
Proof. Let us first work out the p = 1 case in detail. Using Van Kampen's Theorem, we compute that
where x i and y i denote the generators of the Wirtinger presentation as given in Figure 6 . More generally, it is not too difficult to show (again using Van Kampen's Theorem) that
We refer to [18] for a proof of (3.1). The general formula can now be derived in the same way as before.
Proving Theorem 1 now boils down to showing that the fundamental groups of Dehn surgery manifolds {M K (p/q)} q≥1 comprise an infinite collection for a fixed positive integer p and a fixed knot K. Recall from [21] that a tame knot K in S 3 is either hyperbolic, torus or satellite. For the first two cases, we can resort to the following lemma, the proof of which does not involve any gauge theory. Proof. Throughout this proof, let p be a fixed positive integer. By a theorem of Thurston (see [21] ), when K is a hyperbolic knot, for infinitely many q, M K (p/q) is hyperbolic. Moreover, infinitely many of these hyperbolic manifolds have different volumes since these volumes asymptotically approach (strictly from below) the volume of the complement of K as q goes to infinity (see [17] or [20] ). Hence infinitely many of these hyperbolic manifolds are not mutually isometric. On the other hand, hyperbolic three-manifolds with finite volume and isomorphic fundamental groups are isometric by Mostow Rigidity Theorem [16] .
Another proof for the hyperbolic K case goes as follows: For large enough q, the core of the surgery solid torus is the unique shortest closed geodesic in the hyperbolic manifold M K (p/q) (see p. 610 of [4] ). Moreover, its length tends to zero as q goes to infinity (see [17] ). Thus there are infinitely many nonisometric hyperbolic manifolds among M K (p/q)'s, hence by Mostow Rigidity, infinitely many nonisomorphic groups among π 1 (M K (p/q))'s.
A third proof can be given by combining Mostow Rigidity with Theorem 1 and Lemma 2 in [1] , which say that if K is a hyperbolic knot in S 3 and r, r are two surgery coefficients yielding homeomorphic hyperbolic manifolds, then K is amphicheiral and r = −r, except for finitely many surgery coefficients. Since we are only considering positive surgery coefficients, this implies that we have mutually nonhomeomorphic M K (p/q)'s when q is larger than some constant that depends only on the knot K.
Finally, let K be an (m, n) torus knot with |m|, |n| ≥ 2. Recall from [15] that if p/q = mn, then M K (p/q) is a Seifert fibred space with base orbifold of the form S 2 (|m|, |n|, |qmn − p|). Using this fact, we can show that the quotient of the fundamental group of M K (p/q) by its center is the (|m|, |n|, |qmn − p|) triangle group (see p. 94 of [13] ). Thus there are at most two q's which can give the same fundamental group. Now to prove Theorem 1 for all nontrivial fibred knots, we must use gauge theory. The following lemma applies to all nontrivial knots, but its proof is far less constructive than the proof of Lemma 11.
Lemma 12. Let K be a nontrivial knot in S
3 and p be a fixed positive integer. The number of nonisomorphic groups in
Proof. First let us recall the "pillowcase" picture of the SU (2) representations of π 1 (T 2 ) ∼ = Z⊕Z. We choose a "meridian" m and a "longitude" l of this torus so that, up to conjugation, any representation h : (2) representations of π 1 (T 2 ) to the "pillowcase" obtained by dividing R 2 by the equivalence relation (φ, θ) ∼ (φ + 2πj, θ + 2πk) for any (j, k) ∈ Z 2 , and (φ, θ) ∼ (−φ, −θ). We will denote this quotient space by R(T 2 ). From [14] we know that for a nontrivial knot K, the instanton Floer homology HF * (M K (0)) of the 0-surgery M K (0) is nontrivial, implying that the moduli space of flat connections on the SO(3) bundle P → M K (0) with nonzero w 2 , denoted by M SO(3) flat (M K (0)), is nonempty. On the other hand, this moduli space can be embedded inside the moduli space M SU (2) flat (S 3 \ νK), which is thought of as the variety R(S 3 \ νK) of irreducible SU (2) representations of π 1 (S 3 \ νK), as those representations that send the homotopy class of a longitude λ to −I (see p. 149 of [2] ). Therefore, we conclude that there exists a non-abelian representation ρ : π 1 (S 3 \ νK) → SU (2) sending [λ] to −I. Moreover, by using standard perturbation arguments (see [3] , [12] and [19] ), it is possible to show that not all such representations are isolated and in fact there is at least one such ρ which is a point on a path γ of SU (2) From the inclusion ∂νK → S 3 \ νK, we obtain an induced map of representation varieties R(S 3 \νK) → R(T 2 ), as any SU (2) representation of π 1 (S 3 \νK) gives rise to an SU (2) representation of the fundamental group of the boundary ∂νK ∼ = T 2 . On the other hand, a representation of π 1 (S 3 \ νK) extends to a representation of π 1 (M K (p/q)) if and only if its induced representation h of π 1 (∂νK), when considered inside the pillowcase R(T 2 ), is on the (quotient of the) line l passing through the origin with slope −p/q. For a fixed p and as q goes to infinity, the intersection number of the path of representations γ in Figure 7 with this line l goes to infinity, implying that the number of SU (2) representations of π 1 (M K (p/q)) goes to infinity as q goes to infinity, and this finishes the proof.
